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Diffusion-limited cluster aggregation (DLCA) is a well established model for the formation of
highly porous low-density non-equilibrium structures. One of the main conclusions of the previous
studies considering this model is that the rotational diffusion of aggregating clusters does not change
their structure characterized by a universal fractal dimension of df = 1.7 − 1.8. In contradiction
to this assumption, we demonstrate that the rotation movement of clusters significantly changes
the structure of forming aggregates. The fractal dimension of rotating clusters is lower than the
one found in the standard DLCA model and decreases with the increasing ratio of rotational and
translational diffusion constants Dr/Dt, which offers a possibility to tune the structures of the
aggregates below the conventional DLCA fractal dimension limit.
PACS numbers: 82.20.Wt, 61.43.Hv
The model of diffusion-limited cluster aggregation (see,
e.g., Refs. 1–3 for a review) was introduced more than
30 years ago [4, 5]. Together with the closely related
reaction-limited cluster aggregation model [6, 7], DLCA
provides a scenario for the process of non-equilibrium
particle aggregation, which universality is widely ac-
cepted [8, 9]. In this framework, aggregating nanopar-
ticles form networks of variable density determined by
the type of inter-particle interaction. The aggregates can
be characterized by their fractal (Hausdorff) dimension,
which measures how effectively they fill the available
space. In the limiting case of non-interacting particles,
which are currently assumed to form a structure with
the lowest possible density, early Monte Carlo (MC)
simulations of the aggregation process [10] provided a
value of df = 1.7 − 1.8 for the fractal dimension of
three-dimensional clusters. At the same time, a similar
value was found experimentally by the analysis of two-
dimensional images of the aggregates formed by gold col-
loidal particles [11, 12]. Later on, however, less dense
fractal structures were observed by soot aggregation [13–
15]. An explanation for the formation of aggregates with
a fractal dimension below the DLCA limit is still un-
der discussion. For instance, the anisotropic shape of the
aggregates was suggested as a possible factor affecting
the structure, but a recent study demonstrated that it
does not influence the fractal dimension [16]. In addi-
tion, there are indications that the analysis of the two-
dimensional images of experimentally obtained three-
dimensional aggregates may overestimate their fractal di-
mension [17, 18].
In this letter, we demonstrate that the aggregation
of rotating clusters results in structures less dense than
those obtained within the DLCA scheme. That is, we ex-
tend the conventional model of non-reversible DLCA to
include the rotational diffusion of aggregates (rDLCA).
The bulk of the previous studies concerning DLCA
[16, 19–26] modeled Brownian dynamics of the aggre-
gates in MC simulations and, in doing so, omitted the
orientational diffusion of the clusters. The reason for this
neglecting may be traced back to one of the earlier studies
[7], which equated rotations with selecting a random rela-
tive orientation of the aggregating clusters, compared the
results with those of purely translationally diffusing clus-
ters, and concluded that the rotational effects on DLCA
are negligible. Hence, the following experimental inves-
tigations [27, 28] considered rotational diffusion only as
a factor influencing the measurements of the dynamic
scattering coefficient but not the structure of the aggre-
gates. In contrast to previous studies, we find that an
explicit implementation of the aggregates’ rotational dif-
fusion yields clusters, which are less compact and more
anisotropic in shape than those produced by the transla-
tional diffusion only.
We studied the evolution of the system in a canonical
NV T ensemble with temperature controlled by the
Langevin thermostat for rigid body dynamics [29], which
couples on the translational as well as rotational degrees
of freedom. Throughout the paper, all distances are
given in units of sphere diameter σ and the time in
τ = σ
√
m/kBT with kB being the Boltzmann constant
and T the temperature. The thermal energy of the
system kBT and the mass of a single particle m are set
to unity. The mass of an aggregate is equal to n, the
number of particles it contains. The friction coefficients
of the Langevin thermostats are related to the single-
particle translational and rotational diffusion constants
via γt|r = kBT/Dt|r. The evolution of the system is
integrated with a time step of ∆t = 0.001 and the
diffusion constants are set to Dt = 0.1 and Dr = 0.5Dt.
The particles were confined to a cubic box with the edge
L = 60 and periodic boundary conditions were applied
in all directions. The number of particles N varied
between 640 and 3600, yielding a set of volume fractions
φi={0.0015514, 0.00193925, 0.00232711, 0.00290888,
0.00387851, 0.00484814, 0.00581776, 0.00678739,
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FIG. 1. (Color online) Radius of gyration as a function of
the number of particles in the aggregate with (solid red sym-
bols) and without (open blue symbols) rotations. We differ-
entiate between the radius of gyration of the whole cluster,
Rg (squares), the radius of gyration in the plane perpendicu-
lar to the main principal axis (circles), and the average over
the radii around the other two axes (diamonds). The hori-
zontal line demonstrates the relation of the aggregate size to
the dimensions of the simulation box, L/2. The points on this
line, computed with Eq. 5, stand for the expected onset of
percolation for clusters of various fractal dimensionality (as
labeled). Insets: Aspherity parameters (top) and aspect ratios
(bottom) of the aggregates. Note that the aspherity param-
eter is zero for a spherical object or a spherically symmetric
distribution of particles, while the aspect ratio of a spherical
shape is one.
0.00775702, 0.00872665}. Simulating non-reversible ag-
gregation, we assume that particles and clusters collide
inelastically at the given cutoff distance, which was set
to rc = 1, and continue their movement as rigid bodies
with the translational and angular momenta conserved.
The rotations of the aggregates were implemented using
quaternions [30]. For each density, we simulate the
aggregation of 100 realizations of initially disordered
systems obtained from equilibrated simulations of
strongly repulsive particles. Initial particle velocities
were chosen from the Maxwell-Boltzmann distribution.
Each run continues until all particles connect into a
single aggregate. Along the runs, we monitor the size
and the shape of the clusters containing more than one
particle.
The first differences between the structures of the ag-
gregates assembled with and without rotational motion,
which we observe in our analysis, are related to their
overall dimensions. In Fig. 1, we compare the values of
the radii of gyration of the aggregates,
R2g = λ
2
1 + λ
2
2 + λ
2
3, (1)
computed from the eigenvalues (λ1 ≥ λ2 ≥ λ3) of the
gyration tensor, which is constructed from the positions
of all particles of an aggregate. The eigenvalues of the
gyration tensor can be additionally used to determine
the aspherity of the clusters [31],
AS = λ21 − 0.5(λ22 + λ23), (2)
which approaches zero for a perfectly spherical object or
a spherically symmetric distribution of particles in a clus-
ter. Furthermore, the gyration tensor can be mapped on
the inertia tensor [32] to compute the radii of gyration
around the principal axes of an aggregate. In the follow-
ing, we consider the radius around the axis corresponding
to the largest eigenvalue of the inertia tensor, a1, sepa-
rately and average over the radii around the other two
axes, a2 and a3,
r2a1 = λ
2
2 + λ
2
3
r2a2a3 = 0.5(r
2
a2 + r
2
a3) = λ
2
1 + 0.5(λ
2
2 + λ
2
3). (3)
The aspect ratio of the aggregating clusters is given by
the ratio of these two radii:
AR =
√
λ21 + 0.5(λ
2
2 + λ
2
3)
λ22 + λ
2
3
. (4)
Combining the values of the aspect ratio of final aggre-
gates with their aspherity parameters, we conclude that
the distribution of particles inside the clusters becomes
less spherically symmetric on growing, while the elon-
gation of the clusters decreases. Figure 1 demonstrates
that the effects are more pronounced for rDLCA clus-
ters than for the conventional DLCA aggregates. Such
behavior is characteristic for a fractal system approach-
ing percolation transition, at which the aggregates start
to fill the space homogeneously. Restricted to the simula-
tion box, the transition occurs when the clusters become
connected to themselves through periodic boundary con-
ditions, i. e., when their radius of gyration becomes equal
to L/2. Note that, in our simulations, we do not yield
such connections directly but infer their occurrence from
averaging over different realizations of the aggregates.
Using the relation between the initial volume fraction
and the radius of gyration of aggregates at percolation,
Rcg = (σ/2)φ
1/(df−3), derived in previous investigations
of DLCA [33, 34], we can estimate the number of parti-
cles needed to be initially present in a system of given
size to observe percolation transition,
nc =
6
pi
Ldf . (5)
Consequently, we compare the predictions for different
values of fractal dimension with the results obtained
in simulations. Figure 3 shows that the dimensions of
rDLCA clusters become comparable with the simulation
box size at initial densities corresponding to a fractal di-
mension that is lower than the one of DLCA aggregates.
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FIG. 2. (Color online) Radius of gyration with (left) and
without (right) rotations as a function of the aggregate size.
Up to a certain length scale dependent on the initial particle
volume fraction the radius of gyration is independent on the
density and scales with the cluster size according to Eq. (6),
presented by gray lines with {df = 1.55, k = 0.38} and {df =
1.76, k = 0.43} as representative fits for rDLCA and DLCA
clusters, respectively. All values of the fractal dimension are
given in Table I.
In principle, we do not have to deduce the fractal di-
mension of the aggregates from their behavior at the per-
colation threshold, particularly since it is well known that
the fractal dimension of the clusters increases as they
start to form homogeneous networks [23, 24]. The con-
ventional route for the estimation of the fractal dimension
of the aggregates utilizes the relation between their size
and radius of gyration,
Rg = kn
1/df , (6)
where k is a factor connected to the mass density and
is used along with df to fit the relation to the data. In
order to get a sufficient amount of aggregate sizes, we
monitored the shapes of all clusters found in the system
along the time spent at the formation of the final aggre-
gate. In Fig. 2, we plot the raduis of gyration of clusters
as a function of their size for a number of initial densi-
ties. Evidently, there is a range of cluster sizes in which
the dimensions of the aggregates are independent on the
volume fraction of particles initially present in the sys-
tem. The connection to Eq. (6) is illustrated by the lines
with representative fitted parameters df and k. Table I
summarizes all fractal dimensions obtained from fitting
Eq. (6) either to all data points or to the data in the range
5 < n < 600. We attribute the slight increase of the frac-
tal dimension with the particle volume fraction, obtained
by the fit to all data points, to the onset of percolation, at
which the fractal dimension of clusters changes its value
to dpercf = 2.5. If, however, we stay in the size range far
away from the transition by restricting the fitting range
to 5 < n < 600, the fractal dimension becomes nearly
constant for all initial volume fractions. The value of the
fractal dimension yielded from the fits conforms with the
TABLE I. Fractal dimensions obtained from fitting Eq. (6) to
the data points with n > 5 (dallf ) and restricted to 5 < n < 600
(df ). Last two columns (5 < n < 600) provide the fractal
dimensions estimated from the projection of the aggregates
on the planes normal to their main principal axis (da1f ) and
averaged over the other two axes (da2a3f ). Uncertainty of all
fits is of the order ±0.001.
dallf df d
a1
f d
a2a3
f
Dr = 2Dt
φ1 1.485 1.465 1.535 1.462
Dr = Dt
φ1 1.513 1.498 1.532 1.498
Dr = 0.5Dt
φ1 1.577 1.565 1.553 1.570
φ2 1.570 1.548 1.562 1.551
φ3 1.589 1.547 1.571 1.548
φ4 1.603 1.557 1.557 1.562
φ5 1.643 1.575 1.556 1.582
Dr = 0
φ1 1.764 1.757 1.715 1.768
φ2 1.781 1.771 1.712 1.784
φ3 1.774 1.757 1.728 1.766
φ4 1.781 1.764 1.718 1.776
φ5 1.815 1.790 1.738 1.804
φ6 1.825 1.794 1.741 1.807
φ7 1.846 1.800 1.745 1.815
φ8 1.867 1.812 1.749 1.828
φ9 1.881 1.817 1.749 1.834
φ10 1.896 1.831 1.765 1.849
standard DLCA value, df = 1.7 − 1.8, only if the clus-
ters are not allowed to rotate. Otherwise, in agreement
with the observation of final aggregates reaching per-
colation transition, the fractal dimension has a smaller
value of df = 1.5 − 1.6. Furthermore, an increase of the
rotational diffusion, as exemplified for one value of the
initial density, yields further decrease of the fractal di-
mension. We also use the data to analyze the impact
of the projection of three-dimensional structures on two-
dimensional images which is a standard practice to deter-
mine the fractal dimension experimentally. In doing so,
we project the aggregates on the planes perpendicular to
their principal axes. The radii of gyration of such projec-
tions represent the limiting cases in which the aggregates
are aligned either parallel or perpendicular to the image
surface. Otherwise, an average over all possible orienta-
tions yields the standard three-dimensional Rg. Table I
demonstrates that the largest deviation in the estimated
values of fractal dimension occurs for the axis associated
with the largest principal moment of inertia. This varia-
tion is, however, less pronounced than the effects due to
rotations.
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FIG. 3. (Color online) Distribution of the number of neigh-
bors per particle, s, in final aggregates obtained with (solid
impulses) and without (transparent boxes) rotations. Inset:
Distribution of the angles between the vectors connecting a
particle (with s = 2) to its neighbors. Additional points stand
for the random distribution truncated at θ = 60◦.
Next, we probe the structure of the final aggregates.
The local arrangement of particles is reflected in the num-
ber of neighbors of a particle. Figure 3 demonstrates that,
as expected, the particles mainly arrange themselves into
interlacing chains with a few loose ends (s = 1) and junc-
tions (s = 3). This local structure does not significantly
depend on the initial density of the system. The removal
of rotations, however, leads to an increase of the number
of loose ends and junctions, which corresponds to the
aggregates with a higher fractal dimension. We further
selected particles forming chains (s = 2) and sampled
the angles between the vectors connecting a particle to
its neighbors. The resulting distribution, also presented
in Fig. 3, is shifted to larger angles in comparison to the
distribution of randomly distributed contacts (restricted
to angles producing no overlap between the neighbors
of a particle). The shift is slightly more pronounced in
chains formed by rDLCA and indicates that the chains
are more linear than one would expect if the contact were
distributed randomly.
The overall structure of the aggregates is reflected in
the radial distribution function g(r). Data presented in
Fig. 4 confirms our observations on the difference of
structures obtained with and without rotational diffu-
sion at all densities considered. Locally, it is more prob-
able to find another particle in the vicinity of a given
particle for non-rotating aggregates, which is a sign of a
locally denser system with a higher fractal dimension. In
contrast, at the larger scale, it is more probable to find
particles further away from each other if the aggregates
are allowed to rotate. Hence, in this case, the aggregates
are less compact and require more space. The large scale
behavior indicates to the onset of percolation at larger
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FIG. 4. (Color online) Top: Radial distribution function g(r)
computed in simulations with (left frame) and without (right
frame) rotational diffusion. Vertical dotted line indicates the
dimension of the simulation box, L/2. Straight dotted lines
demonstrate linear scaling g(r) ∝ r3−df on the intermediate
length scales. Bottom: Pair distribution function φg(r) com-
puted with (solid lines) and without (broken lines) applica-
tion of periodic boundary conditions. Insets: Length scale for
the onset of deviations between the function values computed
with and without periodic boundary conditions decreases with
increasing initial volume fraction.
volume fractions, where the radial distribution function
saturates to unity at L/2. In order to emphasize the in-
dependence of the local structure of aggregates on the
initial volume fraction, we plot, in the bottom frames of
Fig. 4, the pair distribution function φg(r). Evidently, up
to a certain distance dependent on the initial density, the
structures are identical. On the larger scale, however, the
probability to find a particle at a given distance increases
with the initial volume fraction. By considering pair dis-
tribution functions computed with and without periodic
boundary conditions, we attribute this increase to both
the increasing dimensions of the aggregates and their
overlap through periodic boundary conditions. These ob-
servations further explain the spurious dependence of the
fractal dimension on the initial volume fraction seen in
Table I when all aggregates are considered in the fit and
its disappearance when only clusters in the size range,
in which the pair distribution function is independent on
the initial density, are taken into account.
In summary, we have studied irreversible aggregation
of particles into disordered structures in a well estab-
lished DLCA model and demonstrated that taking into
account the rotational diffusion of aggregating clusters
5decreases their fractal dimension below the standard
DLCA limit. The results are intuitive but up to now
the rotation was not considered to have a significant im-
pact on the process of particle aggregation. Without rota-
tions, we recover the classical value of fractal dimension,
widely assumed as the limit of lowest density that can be
achieved for fractal aggregates without introducing inter-
particle attraction [35–37]. We have shown, however, that
an increase of the magnitude of the rotational in relation
to the translational diffusion further decreases the fractal
dimension of the aggregates.
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